University of Massachusetts Amherst

ScholarWorks@UMass Amherst
Masters Theses 1911 - February 2014
2008

Electron Transport Properties and Accessible Information in
Nanoscale Conductors by Microcanonical Approach
Ilke Ercan
University of Massachusetts Amherst

Follow this and additional works at: https://scholarworks.umass.edu/theses

Ercan, Ilke, "Electron Transport Properties and Accessible Information in Nanoscale Conductors by
Microcanonical Approach" (2008). Masters Theses 1911 - February 2014. 181.
Retrieved from https://scholarworks.umass.edu/theses/181

This thesis is brought to you for free and open access by ScholarWorks@UMass Amherst. It has been accepted for
inclusion in Masters Theses 1911 - February 2014 by an authorized administrator of ScholarWorks@UMass
Amherst. For more information, please contact scholarworks@library.umass.edu.

ELECTRON TRANSPORT PROPERTIES AND ACCESSIBLE INFORMATION
IN NANOSCALE CONDUCTORS BY MICROCANONICAL APPROACH

A Thesis Presented
by
ĐLKE ERCAN

Submitted to the Graduate School of the
University of Massachusetts Amherst in partial fulfillment
of the requirements for the degree of
MASTER OF SCIENCE IN ELECTRICAL AND COMPUTER ENGINEERING
September 2008
Department of Electrical and Computer Engineering

© Copyright by Ilke Ercan 2008
All Rights Reserved

ELECTRON TRANSPORT PROPERTIES AND ACCESSIBLE INFORMATION
IN NANOSCALE CONDUCTORS BY MICROCANONICAL APPROACH

A Thesis Presented
by
ĐLKE ERCAN

Approved as to style and content by:
__________________________________
Neal G. Anderson, Chair
__________________________________
Massimo V. Fischetti, Member
__________________________________
Eric Polizzi, Member
__________________________________________
C. V. Hollot, Department Head
Electrical and Computer Engineering

DEDICATION
For Nusret, Jülide and Đris Ercan.

ACKNOWLEDGMENTS
I would like to express my deepest gratitude to my advisor and mentor Assoc.
Prof. Neal G. Anderson for his guidance, patience and support throughout the research.
I am thankful to my family, Doğa Sönmez, Kenan Ercan, Özgür Ercan, Ann
Musser Ercan, Zeytin Ercan, Nilüfer Saros and Gülşah Bademci for always being there
for me.
I also would like to thank Cathy Sachs for her help in editing the language
structure of the thesis, and National Science Foundation for supporting this work.

v

ABSTRACT
ELECTRON TRANSPORT PROPERTIES AND ACCESSIBLE INFORMATION IN
NANOSCALE CONDUCTORS BY MICROCANONICAL APPROACH
SEPTEMBER 2008
ILKE ERCAN, B.S., MIDDLE EAST TECHNICAL UNIVERSITY
M.S., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Associate Professor Neal G. Anderson

In this work, we expand the scope of the present implications of the tight-binding
microcanonical picture of electron transport, which is proposed by Di Ventra and coworkers as an alternative to the Landauer’s static scattering approach. We investigate
the structure dependence of current flow in electrode-conductor-electrode systems and
calculate the local occupation functions and time dependent conductor current for
various conductor lengths and electrode configurations. We also explore fundamental
physical limits to the encoding of information in the nanoscale conductor by application
of electrode bias in a model system. Using the microcanonical description of a
nanoconductor, composed of linear chain of atoms, bridging two electrodes, we obtain
upper bounds on the accessible information in the conductor as a function of electrode
bias, when the current flow is governed by the conductance quantum.

Keywords: Accessible information, quantum-transport, microcanonical
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INTRODUCTION
Electron transport properties of nanoscale conductors are the focus of much
research as emerging technologies depend highly on the development of these devices.
In order to be able to model and control the matter on a molecular scale we have to learn
how to describe the electronic properties of device structures engineered at the atomic
scale. Our initial motivation behind the studies presented in this thesis was to study the
accessible information in nanoscale conductors. For our first investigation, we sought a
relatively simple description of electron transport, that describes essential features of
nanoscale transport in terms of quantum states and dynamics. We thus selected the
microcanonical approach to steady-state electron transport in nanoscale conductors,
proposed by Di Ventra and co-workers. However, given the limited variety of system
configurations studied in the present implications of the approach, we have first
investigated the model in detail by expanding the variety of system configurations
beyond that employed in present studies, and exploring features of the approach in order
to obtain a better understanding to the electron transport in mesoscopic level. Therefore,
the presentation of our studies begins with the results of the electron transport properties
obtained by the tight-binding microcanonical approach. Subsequently we introduce our
studies on the volume accessible information bounds of a specific nanoscale system as
calculated within the approach. It is important to note that these studies are the first
investigation of limits on accessible information in nanoscale conductors.
In Chapter 1, prior to the presentation of our calculations, we introduce the
theoretical background of the concepts employed in this thesis. Di Ventra and coworkers introduce the microcanonical approach [1] [2] as an alternative to the

1

conventional Landauer’s approach [3] [4] to electron transport, therefore we first
present the main features of the Landauer’s approach along with significant
improvements in this method. Then, we introduce the alternative microcanonical
approach and the electron transport properties of nanoscale systems that Di Ventra,
Bushong and Sai [2] (Hereafter referred to as Di Ventra et al.) obtained by this model.
Moreover, we compare two alternative approaches to electron transport in mesoscopic
devices and investigate the relation between the calculated transport properties.
Following the presentation of the necessary background regarding the electron transport
approach, we move on to the introduction to information theory. Starting from the
notion of entropy and its relation to information, we give a brief explanation of
information theory in classical terms by employing basic probability theory concepts.
Next, we present how this physical information is encoded in quantum systems by the
use of the quantum states and introduce the concept of volume accessible information,
which will be the focus of our information calculations presented in Chapter 3.
In the light of the theoretical background and the existing studies introduced in
the first chapter, in Chapter 2 we present our studies in which we extend the model Di
Ventra et al. proposed. As we employ wide variety of system configurations to have a
better understanding of the microcanonical approach, we shall first revisit the present
formulation in order to obtain the generalized form required for all system
configurations employed in this thesis. We not only extend the existing studies on the
current characteristics of the model, but also add a new aspect to the local occupation
function calculations by taking higher dimensional electrode structures into account that
are not considered up until now.
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Following the electron transport studies, we move on to the presentation of our
results on the accessible information bounds obtained within the model. We seek to
investigate the amount of information about the nanoscale system that can be extracted
by a single measurement on the conductor and its relation to the obtained transport
properties. In Chapter 3, we introduce our calculations on the upper bound of the
volume accessible information, which is specific to the particular system considered
throughout the thesis. In order to obtain the accessible information bounds, a specific
formulation for the system of interest is required. Prior to the presentation of our results,
we derive the accessible information bounds by using distinguishable particle statistics
specified for the employed system as described within Di Ventra’s microcanonical
approach.
Finally, in Chapter 4 along with concluding remarks, we emphasize the
importance of our studies and contribution of our results to the field. Moreover, we
discuss the possible directions that can be taken by researchers from the current status of
the model. In our future studies, we seek to investigate the properties of the
microcanonical picture in more detail by further extending the scope of the
configurations considered in this thesis. Furthermore, by developing the equivalent
Landauer model for the system configurations employed in this thesis we aim to build a
robust map between this alternative approach and the conventional one. In addition, our
next goal in the quest of integrating our information bound studies is to revisit the
volume accessible information bound formalism by considering indistinguishable
particle statistics in order to abandon the assumptions made in this thesis and take our
studies to a more realistic plane.
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CHAPTER 1
THEORETICAL BACKGROUND AND EXISTING STUDIES

1.1 Electron Transport
This section introduces the theory behind the concepts employed in our
calculations presented in Chapter 2. Our studies on electron transport properties are
based on the tight-binding microcanonical picture, which will be introduced in § 1.1.2.
However, for this alternative method to be better understood, we first outline the basics
of the conventional Landauer’s Approach.

1.1.1

Landauer’s Approach
Landauer’s approach is based on defining the current through a conductor in

terms of “the probability that an electron can transmit through it” [5]. Figure 1 displays
the set-up that Landauer’s approach considers. In this approach, the conductor is treated
as a scatterer between two defect-free leads, which are connected to infinite electron
reservoirs at different local electrochemical potentials maintained by the battery, which
also indicates the current flow across the electrodes. Electrons are injected by each of
the reservoirs into their respective lead, and the electrochemical potential in each of the
leads is equal to that of its corresponding reservoir. Once injected, each electron travels
freely through the respective lead to the junction, where it is scattered and transmitted,
with a finite probability, into the other lead and finally into the other reservoir [1]. Here,
the concept of two infinite reservoirs is important in enabling us to map the nonequilibrium transport problem onto a static scattering one. Even though the infinite
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reservoirs cannot be visualized and realized practically, Landauer’s method is very
useful in explaining the picture it considers. In his 1989 paper [6] Landauer grounds his
studies on the work of Anderson et al. [7]. His derivation starts with the form of
conductance for mesoscopic devices;

 2e 2  T
 .
G = 
 h R

(1)

This equation takes into consideration the reflectance and transmission coefficients, R
and T, which represent the probabilities of the electrons being reflected back at the
reservoir-conductor junction and being transmitted to the other reservoir, respectively.

Figure 1: Landauer's picture of electron transport. A conductor having a
transmission probability T connected to two large contacts through two leads [5].

In the same paper, Landauer also takes into account the inherent widening and
narrowing of the leads at the contacts. Figure 2, illustrates Landauer’s picture in which
the connection to the nanojunction is not sharp. According to this consideration,
Equation (1) is modified and presented as

5

π 
−1
  NWν F
 2e 2 
2
 N N
G = 
,
 π 
−1
−1 
 h 
2    NWν F − N Nν F 
 2 


(2)

where N w and N N are the number of channels (ignoring spin) in the wide and narrow
regions respectively. The longitudinal velocity of the corresponding channel in the
direction of current flow is assumed to be close to Fermi velocity ν F [3]. Additionally,
a multi-dimensional generalization of the Equation (1) is developed by Azbel [8], which
is later on studied by Landauer and Buttiker in [4].

Figure 2: Widening and narrowing effect in Landauer's Picture. Two ballistic
conductors, A and B, are separated by a narrow conductor C. The battery,
providing the current flow, is connected to the reservoirs at far left and right with
corresponding electrochemical potential µ L and µ R , respectively. Probes of the
ballistic conductors are indicated as PA and PB [6].

In this static scattering approach, the time derivatives of the total current and all
other physical properties of the system are zero. Hence, this approach provides us only
results regarding a specific state, and it is not clear if the same steady state can be
reached with different initial conditions [1]. The recent studies aim to overcome the
restrictions of the Landauer’s method by generate new approaches to DC conductance.
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The following section introduces a significant study proposed by Di Ventra and coworkers [1] [2] as an alternative to Landauer’s approach in this pursuit.

1.1.2

Microcanonical Picture of Electron Transport

Di Ventra and co-workers [1] [2] introduce an alternative approach to
Landauer’s which employs a finite and isolated system and considers the current as a
momentary discharge of macroscopic finite electrodes. Abandoning of the concept of
infinite reservoirs enables us to precisely calculate the current flowing from one
electrode to the other by time differentiating the charge accumulated on one side of the
system.
The microcanonical approach has been implemented within both a tight-binding
model for non-interacting electrons and a self-consistent time dependent densityfunctional theory (TDDFT). The latter considers the presence of electron-electron
interactions, which according to Di Ventra et al., provides results that are more realistic.
Another appealing aspect of the microcanonical approach is that a quasi-steadystate is established even though dissipative effects are not considered; the quasi-steadystate results from quantum dynamics alone. In certain specific electrode and conductor
configurations, the corresponding conductance of the quasi-steady-state current for a
single channel conductor is equal to conductance quantum (G0=2e2/h).
In our studies, we employ the Coulomb-interaction-free tight-binding model as it
is more adequate for our purposes given its efficiency and relative simplicity. In
addition to providing us a quasi-steady-state current that is consistent with the
conductance quantum value, this approach also allows us to obtain volume accessible
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information bounds by making use of the states from which the electronic properties of
the system are also derived.

1.1.2.1 Mathematical Groundwork of Microcanonical Picture

As opposed to Landauer’s infinite reservoir model, the system considered within
the microcanonical approach is isolated with finite number of electrons and nuclei, as
represented in Figure 3. In principle, the finite structure allows us to describe the picture
dynamically by solving a finite, closed set of equations of motion for the particles within
the system.
In this model, no a priori assumptions about the system are made in determining
the electronic structure. The system is assumed to find its own electronic structure
during the discharge. In keeping with the microcanonical framework, the dissipative
effects in this system are not introduced.

Figure 3: Microcanonical picture of electron transport. A system consisting of two
macroscopic finite electrodes bridged by a nanoconductor. The number of
particles in the system is finite and fixed as the system is isolated. V represents the
volume bounded by S enveloping one of the electrodes, which is used for the
integration in formulation [1].
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Initially, a charge imbalance between the electrodes is generated by the
application of a bias. Then the electrons are released from this arbitrary but definite
initial state and allowed to propagate dynamically. It is expected that a quasi-steadystate, which is established after a short time, will persist until the electrons reflect back
from the boundaries of the system [1]. Consequently, the electronic system oscillates in
1

time, as any dissipative effects are neglected.

Di Ventra and Todorov define, in variational terms, a class of dynamical states
for the closed geometry, to establish a mapping of the conventional Landauer’s steadystate transport problem onto the present microcanonical one. These states, called
“instantaneous global quasi steady states”, are defined in variational terms and appeal
to the intuitive concept of steady state in the case of a macroscopic classical capacitor.
Di Ventra and Todorov employ the idea that the variations of the local properties of one
of these steady states are minimal [1]. A measure of temporal variations is provided by
the functional
2

 ∂ρ ( r , t ) 
A [ ρ ] = ∫ dt ∫ dr 
 ,
 ∂t 
t1
allspace
t2

(3)

where ρ ( r , t ) is the density of the electron gas of the system depicted in Figure 3 and

( t1 , t2 )

is an arbitrary time interval. They then perform an unconstrained variational

minimization of A with respect to ρ , for a given ρ ( r , t1 ) and ρ ( r , t2 ) which gives
∂ 2 ρ ( r, t )
=0
∂t 2

∀r , ∀t ∈ ( t1 , t2 ) .
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(4)

To interpret this result, they consider the total current I S through an open surface S
across the electrode-junction-electrode system, as shown in Figure 3,
I S = I S ( t ) = ∫ j ( r , t ) dS

(5)

S

where j(r, t) is the current density of the electrons. As indicated by the dashed part of
the curve in Figure 3, S is closed in the vacuum sufficiently distant from the boundaries
of the system to enable one to ignore any contributions to the surface integral over the
2

dashed part of the curve . By using the continuity equation
∇j ( r , t ) +

∂ρ ( r , t )
= 0,
∂t

(6)

and by invoking Gauss’s theorem, they find
dI s ( t )
∂ 2 ρ ( r, t )
= − ∫ dr
,
2
∂
dt
t
V

(7)

where V is the volume bounded by S, and which completely envelops one of the
electrodes, as shown in the Figure 3. From Equation (7), it can be seen that, under the
conditions expressed in Equation (4)
dI s ( t )
=0,
dt

(8)

for any choice of S. Equation (8) by itself does not say anything about the actual value
of I S or about its dependence on S. It simply describes a generic type of conducting
state in which electrons are being transferred from region to region at a constant rate.
Such a state can be defined as a “true global steady state”. As these states are the
minima of the quantity A given in Equation (3), definition of the type of conducting
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state that is called a “true instantaneous global steady state” can be obtained by using
the above procedure in the limit of t2 → t1 [1].
As Di Ventra and Todorov seek the dynamical state closest to a true
instantaneous global steady state, they employ quantum mechanics as the governing
dynamical law. Electrons are described by a many-body state vector ψ ( t ) governed by
the time dependent Schrodinger equation.
Electron density, ρ ( r , t ) , and current density, j ( r , t ) , are then given by

ρ ( r , t ) = ψ ( t ) ρˆ ( r ) ψ ( t )

j ( r , t ) = ψ ( t ) ˆj ( r ) ψ ( t ) ,

(9)

where ρˆ ( r ) and ĵ ( r ) are the many-body electron number density and current-density
operators, respectively. The chosen dynamics using the time dependent Schrodinger
equation guarantees the continuity equation given above. The dynamical properties of
the system are thus built into the functional that measures the proximity of the system to
a steady state. Substituting Equation (4) into Equation (3), in the limit of t2 → t1
provides us the instantaneous functional at a given time t,
B  ψ ( t )  =

∫

dr ( ∇j ( r,t ) ) .
2

(10)

allspace

In a macroscopically averaged sense, B is a parameter that gives us the magnitude of the
divergence of the current density [1].
Di Ventra and Todorov then define the instantaneous dynamical steady state
closest to a true steady state using a variational procedure. It turns out that each solution
for

ψ = ∑ ci ψ i

is an instantaneous many-body state, containing only electrons

i

bound within the electrode-junction-electrode system in Figure 3. Note that, the time t is
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not part of the actual variational procedure that generates the state given above (also
expressed as ψ ( E, I s , t ) ), which is just a snapshot. A time t is assigned to the
snapshot, in order to be able to relate the steady state in the snapshot to a definite initial
condition, at an arbitrary but definite initial time t = 0 .
The solution ψ ( E, I s , t ) is called an “instantaneous quasi steady state” and is
the closest approximation in the finite system under study to a true instantaneous global
steady state [1]. Therefore, the initial condition required for the given instantaneous
quasi-steady-state may be written as

(

)

ψ (E , I S ) = exp − iHˆ t / h ψ (E , I S , t ) .

(11)

From this procedure, Di Ventra and Todorov derive the following conclusion:
“At a quasi-steady-state ψ ( E, I s , t ) , B is, by construction, stationary against variations
of ψ about ψ ( E, I s , t ) , compatible with the constraints” [1]. However, it may be
expected that the quasi-steady-state flow pattern itself is relatively insensitive to
variations about ψ ( E, I s , t ) . This result supports the intuitive notion that the steady
state should be relatively insensitive to the microscopic detail in the initial conditions.
In their subsequent study, Di Ventra and co-workers utilize the microcanonical
approach to investigate, in detail, the electron transport properties of a nanoconductor
system. The first step of the approach requires the derivation of the formulation specific
for the system of consideration. Next follows a discussion of their study in which the
above concepts finds their applications for the construction of the required formulation.
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1.1.2.2 Implementation of Microcanonical Picture

Di Ventra et al. adapt the formulation presented above to a finite and isolated
nanoconductor system by using the tight-binding microcanonical picture in order to
obtain the electron transport properties. The two aspects of the electron transport
properties they study are the time dependent current picture and the local occupation
nature. These are presented in the following two subsections.

1.1.2.2.1 Current Calculations

The system under consideration consists of identical left and right electrodes of
gold atoms bridged by a gold nanoconductor. The starting point of the calculations is the
employment of the N-site single orbital tight-binding Hamiltonian
H

TB

N

N

N

i =1

i =1

i =1

= ∑ ε i ri ri + t ∑ ri+1 ri + t ∑ ri ri+1 ,

(12)

where there is one orbital state ri per atomic site with energy ε i , and, t is the transfer
3

matrix element connecting nearest-neighbor sites . Initially the system is prepared in
such a way that there is a deficiency of electrons in one electrode and a surplus in the
other. This is obtained by increasing the energy ε i of the sites on one side of the system
by an energy “barrier”, E B = 0.2eV . The electron-rich electrode on the left discharges

through the conductor. As the system is closed and isolated, the current running through
the conductor can be calculated by time differentiating the charge accumulated on one
side of the system
2

I (t ) = −e

d N
∑∑ ri ψ n (t ) ,
dt n =1 i∈{i}L

13

(13)

where e is the magnitude of the electron charge, N is the number of electrons in the
system, ri is the tight-binding basis function for the ith atom, and {i}L is the set of
indices labeling atoms in the left electrode. The state ψ n (t ) is obtained via time
evolution of the eigenvectors of the “biased-system” Hamiltonian” ψ n (0)

(

as

)

ψ n (t ) = exp − iHˆ TB t / h ψ n (0) . The indices n = 1K N label the N lowest-energy
eigenstates of the “biased system”. The Hamiltonian Ĥ for the bias system is given as
Hˆ = Hˆ TB + Hˆ BIAS where Ĥ TB is the tight-binding Hamiltonian for the unbiased system
(i.e. Hˆ TB E j = E j E j )
Hˆ BIAS = E B

2

[− Πˆ

L

ˆR
+Π

and

]

Ĥ BIAS

is

the

bias

correction

ˆσ =
. The projection operator is defined as Π

given

as

∑r

ri ,

i∈{i }σ

i

where σ = L, R for left and right electrodes, respectively.

Figure 4: Quasi-Steady-State current nature obtained by microcanonical picture.
Time dependent current properties of a nanoscale system with 3-D electrodes of
750(30x5x5)-atoms and 1-atom conductor is calculated by the tight-binding
microcanonical approach. The inset shows the variation in quasi-steady-state
current duration for different linear chains of N= 60, 70, 80, and 90 gold atoms [2].
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Figure 4 shows the plot of the current calculated from Equation (13) as a
function of time for a 3-D system with electrodes comprised of 750 (30x5x5) atoms
each, and bridged by a 1 atom conductor (configuration is represented in the upper
inset). The lower inset shows that a similar quasi-steady-state current develops in 1-D
linear chains of N=60, 70, 80 and 90 atoms. In all cases, the current initially rises
4

rapidly but quickly settles to a quasi-constant value Iss . The results show that for 1-D
and 3-D electrodes of the same length, the quasi-steady-state last for equal time periods
with similar current nature.
After the establishment of the quasi-steady-state current, Di Ventra et al. focus
on the electron dynamics of the system to seek a connection between this dynamical
picture and Landauer’s static approach. They claim that Figure 4 represents a numerical
demonstration of the initial assumption: “In a closed and finite nanoscale system, a
quasi-steady-state current with a finite lifetime can develop even in the absence of
dissipative effects” [2]. This leads Di Ventra et al. to the conclusion that the quasisteady-state is achieved “due to the geometrical constriction experienced by electron
wave packets as they approach the conductor” [2]. In addition to the quasi-steady-state
current nature of the nanosystem Di Ventra et al. also study the local occupation
function of each electrode, results of which are presented below.

1.1.2.2.2 Local Occupation Calculations

Following the formalism given above, Di Ventra et al. define a “bias”
dynamically in order to calculate the conductance of the finite closed system, using the
local occupation functions for electrons in the left and right regions of the system. The
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local occupation functions are obtained by application of the Born rule to projections of
the biased-system eigenstates on to the two electrode subspaces and given as
f L (E j , t ) =

1 N
∑ E j Πˆ L ψ n (t )
N n=1

2

f R (E j , t ) =

1
N

N

∑

2

ˆ R ψ n (t ) ,
Ej Π

(14)

n =1

for the left and right electrodes, respectively. Notice that both here and in Ref [2], the
cross terms are ignored, as their sum is approximately zero.
Panel (a) of Figure 5 displays the variation in the difference between the local
chemical potentials of electrodes through time and Panel (b) displays the local
occupation functions for 1-D structures of 200- and 500-atom length, respectively. The
electron transport from one electrode to the other decreases the difference between the
local chemical potentials of each electrode. Considering the fact that the duration of the
quasi-steady-state increases, almost linearly with the total length of the system, one can
assume that the time scale used in Panel (a) of Figure 5 is within the quasi-steady-state
current region. Yet to be more precise, we have obtained the time dependent current
nature of 200- and 500-atom-long chains. Our results show that the final point of the
time scale in Panel (a), 3 fs, is the mid-point of the quasi-steady-state current for the
200-atom long system. For the 500-atom linear chain, 3 fs is one-fifth of the quasisteady-state current time duration, i.e. quasi-steady-state current lasts for ~15fs for the
500-atom long liner chain.
The potential difference between the electrodes approaches zero at about the
mid-point of the quasi-steady-state as it is shown in Panel (a). We have calculated the
change in the potential difference between the electrodes at later points of the quasisteady-state, these results will be presented in § 2.3. Panel (b) shows the local
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occupation functions normalized to two electron state after the onset of the current for
200- and 500-atom linear chains, respectively. The increase in the length of the system
changes the step form of the local occupation functions, similarly to the change in a
Fermi function due to a decrease in the effective temperature.

Figure 5: Local occupation functions by microcanonical picture. Panel (a) displays
the time dependence of the local chemical potential difference between left and
right electrodes for 1-D linear chain of 200 (red dashed line) and 500 (black solid
line)-atoms for an energy barrier of 0.4 eV. For the same 1-D configurations, the
local occupation functions fL(Ej, t) and fR(Ej, t) at a small time t after the onset of
current are shown in Panel (b) with an inset depicting the absolute difference
between the local occupation of electrodes ∆µ(t=0) and the initial energy barrier
E B = 0.4eV as a function of N [2].

At first, these functions appear as Fermi distributions centered at different
“chemical potentials” and separated by an energy of ∆µ (t ) , which is defined as the
difference between the left and right electrode local occupation functions at the point
where the probability of occupation is 0.5, a short time after the onset of current, and for
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N → ∞ . Yet, the functional form of these non-equilibrium functions is different from a

Fermi distribution as expected since, no a priori assumptions are imposed by the model
that will give us the Fermi distribution. However, Di Ventra et al. claim that this is
expected, as electrons in this finite dynamical system spread on each side of the junction
and are not in any sort of local equilibrium in the electrodes. According to the results Di
Ventra et al. obtain, these functions approach the zero-temperature Fermi distribution
function as long as f L (E j , t ) and f R (E j , t ) are evaluated within time intervals less than
the duration of the quasi-steady-state. As the number of atoms N in the system increases,
the difference between the left and right local “chemical potentials” of the system,
∆µ (t ) = f L − f R , approaches the initial energy barrier EB if obtained a short time after
the onset of the current.
The above discussions allow one to define the conductance of this closed
system in terms of the steady state current Iss and the value of ∆µ (t ) /e. The current
converges very fast with increasing number of atoms. For long enough systems Di
Ventra et al. found that ∆µ (t ) /e, is simply the potential “barrier” E B /e at t = 0 . The
current Iss, as a function of E B /e, is displayed in Figure 6. The corresponding
2
differential conductance is about 1.0G0  G0 = EB e = 2e  at all voltages, which
I ss
h


is in agreement with the values obtained by the static approach [9] and with
experimental observations for similar systems [10].
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Figure 6: Current-Voltage characteristics obtained by microcanonical picture. The
quasi-steady-state current is obtained for a finite 1-D gold wire. The corresponding
conductance is 1.0G0 [2].

To sum up, the work of Di Ventra et al. shows numerically that a quasi-steadystate can be achieved in a nanoscale system without dissipative effects. They suggest
that this is simply owing to the geometrical constriction experienced by electron wave
packets as they approach the nanojunction.
The scheme that Di Ventra et al. provide for dynamical conductance calculations
in finite nanoscale systems sheds light on the assumptions of the standard static
approach to steady-state conduction. It also enables us to study unexplored properties of
the system such as “transient phenomena, time dependent charge disturbances,
uniqueness of steady states, and their dependence on initial conditions” [2].

1.2 Information Theory

In addition to the electronic properties discussed above, the amount of
information that devices can store and transfer gives us important insight regarding the
performance of future devices. Therefore, we studied the accessible information bounds
of the nanoscale systems, as well as investigating the general electronic properties. This
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section introduces the preliminary theoretical background required for the information
studies presented in Chapter 3. Starting from the classical definition of information, we
explain how the information is physically represented in quantum systems. We also
introduce the concept of accessible information from which we, later in Chapter 3,
derive the volume accessible information bounds specified for the system of interest.

1.2.1 Classical Information Theory

Information theory seeks to obtain the fundamental limits on the reliability of
compressing and exchanging data. The theory, originally used in the communication
field, has since developed and found application in a wide variety of disciplines.
Application of this theory to nanoelectronic devices is necessary as their intended
purpose includes communication and as well as information storage. The information
capacity is an important performance metric in the exploration of future devices.

1.2.1.1 Entropy and Information

The concept of entropy, originally a thermodynamic construct, has been adapted
to other fields of study, including information theory. It is commonly claimed that
thermodynamic entropy can be interpreted as an application of the information entropy
concept to a highly specific set of physical questions. According to the statistical
definition of entropy, from which all other definitions and all properties are derived,
entropy describes the number of possible microscopic configurations of a system [11].
Entropy is defined as the measure of the disorder of a system, which can be expressed as
[12]
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A state of high order

↔

low probability

A state of low order

↔

high probability.

The information entropy was introduced in 1948 by Claude Shannon through his
exploration of the entropy of random variables and random processes in "A
Mathematical Theory of Communication" [13]. Information entropy is often
eponymously called “Shannon entropy” or “Shannon information”. In the following
section we present a brief definition of the Shannon information and how the theory of
information follows from this concept.

1.2.1.2 Shannon Information

The Shannon entropy is a measure of the uncertainty associated with a random
variable. For a random variable X with n outcomes {xi, i = 1,…, n} the information
entropy, denoted by H(X), is defined as
n

H ( X ) = −∑ p( xi ) log b p ( xi ) ,

(15)

i =1

where p(xi) is the probability mass function of outcome xi, b is the base of the logarithm
used, and xi represents each possible configuration. The unit of the information entropy
H depends on the value of base, which for our purposes is a bit, corresponding to base
b = 2 [11].

The reason for using the logarithm is that information is additive for independent
random variables. The amount of information contained in the combined system is
simply the sum of the information content of the systems from which it is comprised
[14]. This is analogous to the energy or momentum of the system. Consider a set of n
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possible outcomes (events), {xi, i = 1,…, n}

each with equal probability p(xi) = 1/n.

The uncertainty for such a set of n outcomes can be calculated by u = log b (n ) .
If we consider a second set which has m equally probable outcomes {yj, j = 1,…,
m}, there are nm possible outcomes { xiyj, i = 1,…, n, j = 1,…, m}, and the uncertainty
for the set of nm outcomes is
u = log b (nm ) = log b (n ) + log b (m ) .
In order to explain the relation between entropy and probability better, let us
explore the following example [15]: Consider tossing a coin with known (not
necessarily equal) probabilities of coming up heads or tails. The entropy of the unknown
result of a toss of the coin is maximized if the coin is fair (i.e., heads and tails equally
probable). This is the situation of maximum uncertainty, as it is most difficult to predict
the outcome of a toss; the result of each toss of the coin delivers a one bit of
information. However, if we know the coin is not fair, but comes up heads or tails with
probabilities p and q, then there is less uncertainty. Every time, one side is more likely
to come up than the other. The reduced uncertainty is reflected in a lower entropy, as on
average, each toss of the coin delivers less than a full bit of information. A doubleheaded coin, which never comes up tails, is an extreme case in which there is no
uncertainty. The entropy is zero and each toss of the coin delivers no information.

1.2.1.3 Mutual Information

In the cases where we have two random variables, X and Y, that are not
independent, we are able to obtain information about one by knowing the other by using
their mutual dependence. The mutual information (or trans-information) of two random
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variables is a quantity that measures the mutual dependence of the two variables. For
discrete random variables
I ( X ; Y ) = ∑ ∑ p (x, y ) log
y∈Y x∈X

p ( x, y )
,
p(x ) p( y )

(16)

where p(x,y) is the joint probability distribution function of X and Y, and p(x) and p(y)
are the marginal probability distribution functions of X and Y respectively [11].
In terms of the joint distributions of the random variables, the mutual
information quantifies the distance between the joint distribution of X and Y and what
the joint distribution would be if X and Y were independent. It is a measure of
dependence in the following sense: I(X; Y) = 0 if and only if X and Y are independent
random variables. If X and Y are independent, then p(x, y) = p(x) × p(y), and therefore
log

p ( x, y )
= log 1 = 0 .
p(x ) p( y )

Similar to the conditional, joint and marginal densities and probabilities of
random variables, we can define conditional, joint and marginal entropies of random
variables (e.g. H(X|Y), H(X,Y), H(Y)). In terms of these entropies the mutual information
is defined as

I ( X ;Y ) = H ( X ) − H ( X | Y )
= H (Y ) − H (Y | X )

(17)

= H ( X ) + H (Y ) − H ( X , Y ) .

Mutual information measures the information that X and Y share; it measures how much
knowledge one of these variables reduces the uncertainty about the other. If X and Y are
independent, then knowing X does not give any information about Y and vice versa, and
so their mutual information is zero. On the other hand, if X and Y are identical (and
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hence have equal entropy), then all information conveyed by X is shared with Y.
Knowing X gives us knowledge of the value of Y and vice versa. Hence, for perfectly
correlated X and Y, the mutual information is just the uncertainty contained in Y (or X)
alone, namely the entropy of Y (or X).

1.2.2

Physical Information in Quantum Systems Accessible Information

In classical systems, the information is encoded in the states of the system.
Likewise, in quantum system the encoding of information is done by using the quantum
state vectors of the system of interest. Yet in most cases, the state vector of a quantum
5

system is either not defined , or not known and only probabilities for various state
6

vectors are available [16]. In such situations, the density matrix formalism is used.
Adaptation of the notion of entropy to the field of quantum mechanics is provided by
John von Neumann with the introduction of von Neumann entropy. It is an essential
concept in determining the information bounds of a quantum mechanical system.
Therefore, we will start from the definition of von Neumann entropy and explain how
the accessible information bounds we are interested in are obtained.

1.2.2.1 Von Neumann Entropy

In quantum mechanics, possible states together with their corresponding
probabilities constitute an ensemble of states. We denote mixed states as {pi , ρ̂i } with
associated density operator ρˆ = ∑ pi ρˆ i , summing over all possible states i. Each
i

measurement M that can possibly be performed on a quantum system is characterized by

24

a complete set

{ M̂ } of measurement operators defined on the Hilbert space of the
i

system; each operator is associated with one possible outcome of the measurement [16].
If measurement M is to be performed on a system in state ρ̂ , then the a priori
probability for realization of the jth outcome is
qi = Tr[ Mˆ +j Mˆ j ] .

(18)

The von Neumann entropy (or quantum entropy) associated with a density
operator ρ̂ is

7

S (ρˆ ) = −Tr [ρˆ log 2 ρˆ ] .

(19)

We have seen in the previous section that the Shannon entropy H ({pi }) maps a
probability distribution into a real number. Similarly, von Neumann entropy maps a
density operator into a real number. The von Neumann entropy of ρ̂ is the Shannon
entropy of its eigenvalue spectrum λi [16], i.e.
S (ρˆ ) = −∑ λi log 2 λi

(20)

i

For a quantum channel with signal ensemble ε = {pi , ρˆ i }, S (ρ̂ ) can be thought
of as the “entropy of the average channel state”. For general ρ̂ i , the inequality

∑ S (ρˆ ) ≤ S (ρˆ ) ≤ H ({ p }) + ∑ p S (ρˆ )
i

i

i

i

i

(21)

i

says that the entropy of the average channel state is never less than the average entropy
of the channel state and never greater than the average entropy of the channel state plus
the preparation entropy [16]. If ρ̂ i is pure then the inequality
0 ≤ S (ρ̂ ) ≤ H ({pi })
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(22)

indicates that the entropy of the average channel state is nonnegative and never exceeds
the preparation entropy. The equality condition for the upper bound ( ρ̂ i with orthogonal
support) indicates that the quantum entropy is only equivalent to the classical
(preparation) entropy for orthogonal pure states [16].
Inequality (22) can also be written as

where

0 ≤ χ (ε ) ≤ H ({ pi }) ,

(23)

χ (ε ) = S (ρˆ ) − ∑ pi S (ρˆ i )

(24)

i

is the Holevo information (also referred to as information defect). It is important to note
that there are formal similarities between χ (ε ) and the classical mutual information
I ( X ; Y ) given in Equation (17).

1.2.2.2 Accessible Information and the Holevo Bound

Accessible information gives us to determine the mutual information for the
optimum measurement M for a given signal ensemble ε = {pi , ρˆ i }
I acc = max I (Y ; X ) .
M

(25)

The limit of the amount of information accessible in a quantum state ρ̂ is given
by the Holevo bound. According to the Levitin-Holevo theorem, for a quantum channel

{

}

S and signal ensemble ε (S ) = pi , ρˆ i( S ) with associated density operator

ρˆ (S ) = ∑ pi ρˆ i(S ) ,
i

the accessible information is upper bounded as
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(26)

( )

I acc ≤ χ ε (S )

,

(27)

where the Holevo bound χ (ε (S ) ) , is the Holevo information the given signal ensemble as
given in Equation (24).

1.2.2.2 Recent Studies: Volume Accessible Information

The amount of information about an electronic system that is available from a
measurement of encoded information increases as the measurement volume increases.
Yet with the shrinking size of the emerging electronic devices, it is not always possible
to increase the amount of information that we can obtain by increasing the measurement
volume. Increasing the measurement time interval also increases the amount of
information obtained about a system by a single measurement. This trade-off between
the measurement volume and time interval requires determination of the optimum
measurement volumes in order to obtain the highest amount of information with
reasonable cost and within reasonable time intervals. Volume accessible information is
a concept introduced to calculate the maximum amount of information encoded in a
physical system that can be accessed through a specific volume at a given time [17]. It is
defined as the Shannon mutual information associated with the optimum quantum
measurement accessing a system through a specified readout volume [18].
Volume accessible information is obtained for a specific system through the use
of the subspace accessible information theorem. The Quantum Subspace Measurement
(QSM) is defined [17] as a quantum measurement that can access only a subspace H M
of the measurement system’s Hilbert space, H = H M ⊕ H M . For a quantum system with
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Hilbert space H, signal ensemble ε = {pi , ρˆ i }, and for any quantum measurement
accessing the system through the subspace H M , the accessible information is upper
bounded as
I acc|M (ε ) ≤ I

( {Πˆ

M

} )

ˆ , ε + qM χ (ε M )
Π
M
(28)

with
I

( { Πˆ

M

} )

ˆ , ε = H (q ) − ∑ p H (q )
Π
2
M
i
2
M |i
M
i

and the corresponding Holevo information is

χ (ε M ) = S (ρˆ M ) − ∑ pi|M S (ρˆ iM )
i

{

}

where ε M = pi|M , ρˆ iM is the “projected” signal ensemble constructed from the projected
signal states, ρˆ iM =

1 ˆ
ˆ , and probabilities, p = pi qi|M . Here Π̂ is the
Π M ρˆ i Π
M
M
i|M
qM |i
qM

projection operator on the measurement subspace HM

[

]

ˆ M ρ̂ i . The
and qi|M = Tr Π

average density operator for the projected ensemble is denoted as ρˆ M = ∑ pi|M ρˆ iM and

the binary entropy function is given as H 2 (q ) = − q log 2 q − (1 − q ) log 2 (1 − q ) [17] [18].
The subspace accessible information theorem has been extended to the case of multiple
distinguishable particles in Ref [19].
The subspace accessible information depends upon the ensemble ε of premeasurement system states as well as the subspace HM available. The formulation
regarding the volume accessible bounds, as it is derived for the system considered in the
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thesis, is given in Chapter 3. The detailed explanation and the properties of the system
of interest are presented in Chapter 2.
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Notes
1

If dissipative effects are allowed, “a finite system is expected to reach a truly
time-independent steady state, in the course of its evolution” [1]. In the case of infinite
systems “this could be a current carrying steady state” [1].
2

It is assumed that “all electrons are bounded within the electrode-conductorelectrode system, so that the charge and current densities are exponentially small into
the vacuum, at all times” [1].
3

Di Ventra et al. chooses t = 11 eV to obtain comparable time scales of tightbinding calculations to those in the TDDFT calculation for the same number of atoms in
the system [2].
4

It is important to note that, for 3-D electrode a quasi-steady-state can be
established only if “the typical energy spacing of lateral modes of the electrodes is much
smaller than the corresponding one in the junction” [2].
5

An example is a subsystem of composite system in an entangled state. For this
case, the entangled subsystems do not have “state vectors of their own” [16].
6

An example is a quantum channel “as viewed” by the receiver. Prior to
measurement, the receiver knows only the possible states of the channel (i.e. the signal
states) and the probabilities that the channel has been prepared in each of these states
[16].
7

This definition of the von Neumann entropy is in “information theoretic” units.
Other common definitions are - k BTr [ρˆ ln ρˆ ] (“thermodynamic” units), where k B is
Boltzmann’s constant, and - Tr [ρˆ ln ρˆ ] (“natural” units) [16].
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CHAPTER 2
ELECTRON TRANSPORT PROPERTIES OF NANOSCALE CONDUCTORS
BY MICROCANONICAL APPROACH

We introduced the theoretical background of the microcanonical approach to
electron transport and followed with Di Ventra et al.’s study on the application of this
alternative method. However, in order to better understand and investigate the properties
of the microcanonical picture it is necessary to broaden the applications of the method.
Therefore, we employed the microcanonical picture to investigate the electron transport
properties for different electrode-conductor-electrode configurations. We explored
various conductor and electrode lengths, as well as different electrode dimensionalities.
This chapter presents our work on the structure dependence of the electron transport
properties of a specific finite nanoconductor system, details of which will be presented.
Additionally, in order to obtain further insight into the transport properties, we
expanded the scope of the systems employed for the local occupation calculations used
in Ref [2]. Note that the same system is employed throughout the thesis, including the
volume accessible information calculations presented in Chapter 3.

2.1 The System of Interest

As far as exploring the properties of electron dynamics is concerned, the aim of
this thesis is to better examine the details of the microcanonical approach. In order to
utilize the microcanonical picture we employ a finite nano-system consisting of gold
atoms of identical electrodes bridged by a conductor as in Di Ventra et al. To see the
effect comprising the system configuration on the quasi-steady-state current nature and
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corresponding conductance, we enrich the variety of system configurations employed in
Ref [2] by studying different electrode dimensionalities, as well as different conductor
and electrode lengths.
As previously mentioned, in microcanonical picture, the electron transport
properties of the system is determined by the initial configuration of the system and the
applied bias. In our calculations, the initial bias configuration of the system is set in
such a way that the left electrode has a deficiency of electrons and the right electrode
has a surplus. This is obtained by applying an energy barrier of VB = 0.2V , where -VB/2
is applied on the left and VB/2 on the right electrode. Note that VB is equal to E B

e

, for e

corresponding to the electron charge, and E B representing the potential difference
defined by Di Ventra et al. The bias configuration of the system is displayed in the
lower inset of the Figure 7. The chain of atoms constructing the conductor in between
the electrodes is always kept at zero potential. The bias is applied in the same way to all
of the atomic configurations of the system employed throughout our calculations.
Once the electrons are released from this arbitrary initial state, they are allowed
to propagate dynamically and the system is allowed to evolve undisturbed during the
discharge of the isolated system. Electrons and holes start to traverse the conductor from
each side and after an initial transient time depending on the initial state of the electrons
and the electron-electron relaxation time, the quasi-steady-state is established.
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2.2 Current Calculations

As discussed in § 1.1.2.2.1, after the establishment of the quasi-steady-state, the
corresponding conductance is calculated to be the conductance quantum (G0) only for
certain configurations. The results for our baseline electrode-conductor-electrode
structure are given in Figure 7. The system consists of two 750-atom (30x30x5)
electrodes bridged by a 3-atom conductor. This configuration has an identical electrode
structure with Di Ventra et al.’s study. We added two atoms to the conductor and
observed the effect of the change in conductor length by keeping the symmetric
electrode structure the same. A quasi-steady-state current is established in this structure

Figure 7: Current-Voltage characteristics obtained by microcanonical picture.
Quasi-steady-state current is calculated as a function of electrode bias for a 3-atom
gold wire bridging two 750-atom gold electrodes. The current, evaluated at t = 1 fs,
the middle of the quasi-steady-state interval, is shown (for VB = 0.2V ) in the upper
left inset [20].
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over a wide range of electrode bias VB, and is shown explicitly for a bias of 0.2 V in the
upper left inset. Transport is governed by the conductance quantum, as a can be seen in
the solid curve nearly linear with the dashed line representing G0 for given bias values.
This result is in good agreement with the I-V characteristics obtained by Di Ventra et al.
and is displayed in Figure 6.
It is important to note that, in our calculations the spin is included for a system,
containing an even number of N*-atoms and N* electrons by solving Equation (13) for
N= N*/2 spinless particles occupying the lowest N*/2 states and multiplying the resultant
current by two. For odd N*, we first calculate the current for N= (N*-1)/2 spinless
particles occupying the lowest (N*-1)/2 states, then the current contribution of (N*+1)/2
spinless particles occupying the lowest (N*+1)/2 states and add them together to obtain
the total current.
We further investigated the effect of the change in conductor on the current
nature by calculating the time dependent current for fixed electrode structures bridged
by different number of atoms in the conductor. Below, displayed in Figure 8 is the
quasi-steady-state current nature of the system with the same 3-D 750(30x5x5)-atom
electrode configuration but with varied conductor lengths of one, two, three and four
atoms. We observe that a quasi-steady-state current approximately equal to G0VB (solid
horizontal line) is established for 1- and 3-atom-long conductors, but is not established
for 2- and 4-atom conductors. Further simulations have shown us that the configurations
with even numbers of atoms in the conductor do not establish quasi-steady-state.
Calculations for longer odd-length conductors show that the quasi-steady state current
diverges from G0VB as the number of atoms in the conductor increases.
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Figure 8: Quasi-Steady-State current nature for different conductor lengths. Time
dependent conductor current is obtained for systems with 750(30x5x5)-atom 3-D
electrodes bridged by conductors of 1-, 2-, 3- and 4-atom lengths with initial bias
of VB = 0.2V ) [21].

Our calculations show that the conductor length is not the only factor that changes the
current nature of the system. We have also studied the effect of both the conductor and
electrode length on the establishment of quasi-steady-state. In Figure 9, the time
dependent current nature for structures with 1-D electrodes with various conductor and
electrode lengths is shown. Configurations with 61- and 62-atom have two 30-atom
electrodes with 1- and 2-atom conductors, respectively. Likewise, linear chains of
91- and 92-atom have two 45-atom with 1- and 2-atom conductors respectively. A
quasi-steady-state current is quickly established in each case, but is equal to G0VB (solid
horizontal line) only when the number of atoms in the linear chain is odd (61- and 91atom). For a fixed even number of atoms in the conductor, the quasi-steady-state current
is shifted above G0VB in electrodes of odd length, and below G0VB for even lengths.
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Figure 9: Quasi-Steady-State current nature for different conductor and
electrode lengths. Time dependent conductor current is calculated for linear chains
with total lengths of 61, 62, 91 and 92 atoms, constructed from 30- and 45-atom
long electrodes and 1- and 2-atomlong conductors (for VB = 0.2V ) [21].

Figure 10: Quasi-Steady-State current nature for different electrode
dimensionalities. Time dependent conductor current is obtained for 62 atom-long
structures consisting of a 2-atom conductor and 1-D, 2-D and 3-D electrodes (30
atoms, 30x5 atoms, and 30x5x5, respectively), for VB = 0.2V [21].
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Di Ventra et al. claim that, for the configurations they considered, the
dimensionality of the electrodes do not change the quasi-steady-state current value and
time interval that this current lasts. Yet the configurations they employed are restricted
to 1-D and 3-D electrode structures. We have also studied the effect of 2-D electrodes
and calculated the current for different electrode dimensionalities. Figure 10 displays the
time dependent current nature for 1-D, 2-D and 3-D electrode dimensionalities for
structures with fixed electrode (30-atom) and conductor (2-atom) length. As the length
is kept constant, the increase in the electrode dimensionalities is obtained by adding 5
atoms per length and height for 2-D and 3-D electrodes, respectively. For this conductor
and electrode length, we found that only the structure with 1-D electrodes exhibits a
quasi-steady-state, albeit with a value below G0VB (solid horizontal line). We find, more
generally, that if a structure with 1-D electrodes does not yield a quasi-steady-state
current of magnitude G0VB, then quasi-steady-state is not achieved in structures of the
same length with 2-D and 3-D electrodes.
We have shown that the nature of the current dynamic and the establishment of
quasi-steady-state current is highly sensitive to the length of the conductor, the length
and dimensionality of the electrodes, as well as the total length of the structure. The
quasi-steady-state nature of current is peculiar to particular structure configurations of
the system.

Furthermore, in cases where the quasi-steady-state is established, the

implied wire conductance (Iss/VB) does not always correspond to conductance quantum
G0. Thus, we state that the establishment of a quasi-steady-state current consistent in
magnitude with the quantum conductance is not a general feature of the microcanonical
approach.
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Being far from in contraposition with the Di Ventra et al.’s study, we believe
that our calculations shed light on the general properties of the microcanonical
approach. However, it is clear that important qualitative and quantitative features of this
approach remain to be understood. Our aim is to investigate the properties of the
microcanonical picture further and build a robust map between the conventional
Landauer’s picture and this alternative approach.

2.3 Local Occupation Calculations

The system configurations considered in the local occupation calculation
presented in § 1.1.2.2.2 are restricted to 1-D linear chain of gold atoms without a
bridging nanoconductor structure in between. The main effect that Di Ventra et al.
present in their study is the change in local occupation functions with the increase in
total length of the system. However, as presented in the previous section we have seen
that the electrode dimensionality, length of the conductor, and the total length of the
structure are all significant factors in determining the current characteristics of the
system of consideration. Therefore, to obtain further insight into the electron transport
characteristics, our calculations of the local occupation functions explore the different
electrode dimensionalities of electrodes bridged by a nanoconductor.
However, given the scope of the electrode dimensionalities and system
configurations considered in this thesis, the form of local occupation functions as they
are defined in § 1.1.2.2.2 are not properly normalized for the configurations employed in
our studies. Therefore, we have revisited the formulation for local occupation functions
in order to obtain the most general form of these functions for the correct normalization
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required for all of the electrode dimensionalities. In the first part of this section we
introduce the generalized formulation of local occupation functions and in the second
part, we present our results on these functions for variety of system configurations.

2.3.1 Local Occupation Formulation Revisited

The increase in the electrode dimensionality leads to a degeneracy in energy
eigenstates. The number of degenerated energy eigenstates varies for 2- and 3-D
electrode structures. We define a variable g j which represents the degeneracy of the jth
N

energy level and a normalization factor N L = ∑ Ψn (t ) Πˆ L Ψn (t )

2

and N R is defined

n =1

similarly with Π̂ R . The general form of local occupation functions for the left and right
electrodes obtained by projection of the biased-system eigenstates on to the two
electrode subspaces with an approximated normalization are
gj

 1

k =1



1
f L (E j , t ) =
gj

∑  N ∑

1
f R (E j , t ) =
gj

 1

∑
k =1  N R
gj

N

L n =1

N

∑
n =1

ˆ L Ψn (t )
E (j k ) Π

2





2
ˆ R Ψn (t )  ,
E (j k ) Π



where E (j k ) is the kth solution to the Schrödinger equation, Hˆ TB E (j k ) = E j E (j k ) .
In their remarks, Di Ventra et al. state that they assume the Fermi energies of
each electrode to be the energy values associated with an occupation probability of 0.5.
This approximation may be sufficient for the cases where one takes the absolute local
occupation difference of each electrode as in Ref [2]. However, to be more precise we
have approximated the Fermi energy of each electrode by calculating the least root mean
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square error for the energy of each electrode, ε =
with f FD = 1 + exp (E j − EF ) 
k BT 



−1

∑e

2
n

n

N

, where en = f FD − f L , R (E j ) ,

being the Fermi-Dirac statistics for a given Fermi



energy, E F , at temperature T . The Fermi energy extracted via the above procedure is
accepted as the best fit to the Fermi energy and the comparison of the approximated
Fermi functions with the local occupation functions are included in the following
section.

2.3.2 Results on Local Occupations

In order to calculate the local occupation functions, we have employed the
generalized formalism presented above. Di Ventra et al. only study 1-D linear chains of
gold atoms that do not contain a bridging conductor; their study was on the effect of
change in length of the system on the occupation functions. Expanding the scope of
their studies, we have first looked at the effect of electrode dimensionality, as well as
the existence of a conductor and its length, on the occupation functions. We examined
structures of fixed electrode lengths, bridged by different conductor lengths. Figure 11
contains the left and right-electrode local occupation functions for three electrode
dimensionalities, we studied 45-atom-long electrodes bridged by either a 1- or 2- atom
conductor. The time dependent current characteristics of the configurations are included
as insets. The primary observation we make is that the local occupation functions for all
structures exhibit qualitative similarities to Fermi-Dirac distributions, with occupation
functions for the more particle-rich left electrode shifted to higher energy in all cases, as
expected. In addition, as can be clearly seen, the “step” form of the functions sharpens

40

Figure 11: The effect of electrode dimensionality and conductor length on local
occupation functions. The local occupation functions for systems consisting of 45atom long electrodes in 1-, 2- and 3-D structures with 45-, 45x5- and 45x5x5-atom
dimensionality, respectively. Panels (a), (c), (e) contain structures with 1-atom conductors and (b, d, f) contain 2-atom conductors. Time dependent current characteristics are shown in the insets. A quasi-steady-state current is established in all
structures except for the 2-atom conductor of 2-D and 3-D electrodes (panels d and
f). Calculations were performed a short time after the establishment of the steady
state ( t = 0.6 fs ) for an initial bias of VB = 0.2V [22].
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with increasing electrode dimensionality for both conductor lengths. It is important to
note that the occupation functions presented in Figure 11 are qualitatively similar for
structures with 1-atom and 2-atom conductors at a given electrode dimensionality, while
the current characteristics are not. The quasi-steady-state current is established for 1atom conductors with 2-D and 3-D electrodes but not for structures with 2-atom conductors. This leads us to the conclusion that even though the current behavior is highly
sensitive to small changes in the conductor length in structures with 2-D and 3-D electrodes, the shape of the local occupation functions is insensitive to this length.
In order to understand whether it is the length of the system or the total number
of atoms in the system that induces a change in the local occupation functions, we
explored structures consisting of a fixed number of atoms, but with different electrode
dimensionalities and lengths. Figure 12 displays the change in local occupation
functions for electrodes comprised of 750 atoms each bridged by a 1-atom conductor.
The 1-D electrode is a linear chain of 750 atoms, the 2-D electrode is a rectangle of
150x5 atoms and the 3-D electrode is a rectangular prism of 30x5x5 atoms. In addition
to the evident distortion with the increase in the electrode dimensionality, we see that
the occupation functions goes less smooth and sharp as the total length of the system
increases. However, the general form of the local occupation functions is still quite
similar among the different electrode dimensionalities and lengths.
For their calculations of the local occupation functions, Di Ventra et al. specify
the time point as a short time after the onset of current. Therefore, in all of our previous
calculations, we randomly chose a time point a short time after the onset of current. To
see the effect of the change of in calculation time point on the occupation function
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Figure 12: Local occupation functions for a fixed number of atoms with various
configurations. A 1-atom conductor bridges 750-atom electrodes with Panel (a) 1-D
(750-atom), Panel (b) 2-D (150x5-atom) and Panel (c) 3-D (30x5x5-atom) configurations. Calculations were performed a short time after the establishment of the
steady state (at t = 0.6 fs ), which is achieved in all structures, and an
initial bias of VB = 0.2V [22].
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structure, we have made a series of studies on one simple system, a 1-D linear chain
with 1000-atom-long electrodes bridged by a 1-atom conductor. We present the time
dependent current characteristics for the system of consideration in Figure 13 and
denote the chosen time points.
Similar to the structures presented previously, there is a peak formed right before
the establishment of the quasi-steady-state, though it is not clearly seen in Figure
13.Figure 14 below contains the local occupation functions at six time points: The peak
point (t=0.2 fs), a later point in the first half of the quasi-steady-state (t=15fs), mid-point
of the quasi-steady-state (t=29 fs),a later point in the second half of the quasi-steadystate (t=45 fs), the end point of the quasi-steady-state (t=58 fs) and beginning of the
second quasi-steady state with negative G0VB value (t=65 fs).

Figure 13: Quasi-Steady-State current nature for a 2001-atom-long linear chain.
The system consist of 1000-atom-long 1-D electrodes bridged by a 1-atom
conductor. The time dependent conductor current is calculated for an intial bias of
VB = 0.2V . The points (a), (b), (c), (d), (e) and (f) correspond to 0.2 fs , 15 fs , 29 fs ,
45fs , 58 fs , 65 fs time points, respectively.
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Figure 14: Time variation of the local occupation functions for a linear chain of
2001 atoms consisting of 1000-atom-long electrodes bridged by a 1-atom
conductor. Plots in the Panels (a), (b), (c), (d), (e) and (f) represent the right and
left electrode occupation functions as illustrated in Figure 13 with the initial bias of
VB = 0.2V .
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Our studies show that the establishment of the quasi-steady-state does not
significantly effect the structure of the occupation functions. After the onset of current,
the sharpness of the local occupation functions and the absolute difference between the
potential of each electrode decreases until the midpoint of the quasi-steady-state. This
effect is reversed past the mid-point of the quasi-steady-state. The sharpness of the
functions and the absolute difference between the potentials at the electrodes increases
to the end of the quasi-steady-state. The cycle is observed to repeat itself with the
establishment of the second quasi-steady-state with negative a G0VB value. It is also
important to note that, while the left and right electrode local occupation functions
switch signs during the cycle, the absolute difference of the potential remains the same
for time points symmetric about the mid-point of the quasi-steady-state.
The Fermi-Dirac distribution fit introduced in § 2.3.1 is done for the above
system of 1000-atoms electrode bridged by 1-atom conductor. Our calculations show
that the effective temperature for the given system is 70○ K, and the approximated Fermi
energy is -0.1 and +0.1 eV for the right and left electrodes, respectively. The left and
right electrode local occupation functions are shown in Figure 15. The calculated rootmean-square-error values indicate the Fermi fit for the model is not highly temperature
sensitive; the error remains almost constant for a given 50○ K interval of the effective
temperature. Our calculations on various electrode structures show that the local
occupation functions are symmetric about the 0 eV for identical electrode structures. As
opposed to the symmetric structures, ∆µ (t ) = f L − f R for asymmetric electrode
structures is not equal to the initial energy barrier EB for 1-D non-identical electrodes
configurations a short time after the onset of the current.
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To sum up, the results of our studies suggest that the sharpness in the step of the
local occupation functions increases with the number of electrode atoms, regardless of
the electrode dimensionality. This is consistent both with the effect of electrode
dimensionality we have observed for structures with fixed-length electrodes in Figure
12 and with the effect of electrode length presented for 1-D structures by Di Ventra et
al. Our results presented in Figure 11 suggest that the occupation functions are
qualitatively similar for structures with 1-atom and 2-atom conductors and a given
electrode dimensionality while the current characteristics are not. The quasi-steady-state

Figure 15: Fermi energy fit for the local occupation functions. The local occupation
functions for a linear chain of 2001 atoms consisting of 1000-atom-long electrodes
bridged by a 1-atom conductor is calculated at 0.6 fs with the corresponding
Fermi-Dirac distribution of approximated Fermi energies of -0.1 eV and +0.1 eV
for right and left electrodes, respectively and effective temperature of 70○ K .
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current is established for 1-atom conductors with 2-D and 3-D electrodes, but not for
structures with identical 2-D and 3-D electrode configurations and 2-atom conductors. It
is evident by our calculations that while the current behavior is extremely sensitive to
small changes in the conductor length of structures with 2-D and 3-D electrodes, the
shape of the local occupation functions is insensitive to this change.
On the other hand, our most recent calculations on the asymmetric 1-D electrode
configurations show that the quasi-steady-state current consistent with the conductance
quantum values is established with various time durations even when the electrodes are
not identical. However, the generalization that ∆µ (t ) = f L − f R being equal to the initial
energy barrier EB, is contingent upon the fulfillment of the condition of having identical
and symmetric electrode structures. Even though the establishment of the quasi-steadystate current consistent with the value of conductance quantum is independent of the
symmetry of the electrodes, the absolute difference between the local occupations of left
and right electrode is highly sensitive to the symmetry of the system. Therefore, we conclude that insight into the observed structure dependence of the current characteristics is
not to be found in evident characteristics of the local occupation functions.
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CHAPTER 3
MULTI-PARTICLE VOLUME ACCESSIBLE INFORMATION BOUNDS IN
THE MICROCANONICAL PICTURE OF ELECTRON TRANSPORT

The next goal of this thesis is to explore the fundamental physical limits to the
encoding of information in a nanoscale conductor by application of an electrode bias in
the model electrode-conductor-electrode system introduced in § 2.1. The preliminary
concepts regarding volume accessible information bounds have been outline in Chapter
1. Let us now introduce the details of the volume accessible information bound
formulation for the system of interest and discuss the upper bounds of information
obtained within the microcanonical picture of electron transport.

3.1 Formulation

As it is outlined in the second section of Chapter 1, the physical encoding of a
logical state x i in an information-bearing system can be regarded as preparation of the
system in a representative quantum state ρ̂i . Characterization of a given encoding
scheme is obtained by the set {ρ̂ i } of density operators representing all logical states

{xi } that are to be encoded in the system.
In § 1.2.2.2, we introduced the subspace accessible information theorem and
stated that the volume accessible information bounds for a specific system is derived
from this theorem. There is no general expression for I acc|M ; upper bounds on this
quantity can be evaluated for a specified encoding without ever identifying the optimum
measurement. In our calculations, the measurement volume is specified to be the
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conductor. Among all the configurations of which we have investigated the quasisteady-state current nature, the most suitable structure for our information calculations
is the system consisting of 3-D electrodes bridged by 3-atom conductor: This system
exhibits a quasi-steady-state current nature with a conductance value equal to the
conductance quantum and has the maximum possible accessible volume for the
measurements.
We will now present, the formulation regarding the amount of information
encoded by the bias across the conductor. In particular, the volume accessible
information I acc|M associated with the conductor can be defined as the amount of
information about the encoding bias obtainable by the optimum quantum measurement
on the conductor electrons at a given time [20]. The upper bound to this quantity is
obtained at steady state when the conductor current is governed by the single channel
quantum conductance.
The bound is specialized for the microcanonical electrode-conductor-electrode
system through a binary encoding scheme in which a logical state x 0 = 0 is encoded in
the N-electron system by leaving it unbiased and another state x1 = 1 is encoded in by
application of an electrode bias V B . The corresponding bias-encoded signal states are
constructed as

ρˆ 0 = σˆ 0 (1) ⊗ σˆ 0 ( 2) ⊗ Kσˆ 0 (η ) K ⊗ σˆ 0 ( Ν )
with

σˆ 0 (η ) =

1 N
(η )
(η )
Ej
Ej
∑
N j =1
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(29)

ρˆ1 = σˆ1(1) ⊗ σˆ1( 2 ) ⊗ Kσˆ1(η ) K ⊗ σˆ1( Ν )
with

σˆ 1(η ) =

1
N

N

∑ψ

(η )

j

ψ j (η )

(30)

j =1

which yield precisely the current and local distributions given in Equation (13) and (24),
respectively, in a multiparticle setting. It is also important to note that we have assumed
the logical states x 0 and x1 are encoded with equal frequency.
The upper bound to the information encoded via the application of bias in the
nanoscale conductor is given as [20]
N
N
N −n
I acc| M ≤ ∑  qCn (1 − qC ) χ C(n ).
(31)
n =1  n 
Note that Equation (31) is the multiparticle version of the subspace accessible

information bound presented in § 1.2.2. Here the Holevo information on the conductor,

χ C (n ) , is defined as

χ C (n ) = S (σˆ C (n )) −

1
(S (σˆ 0C (n )) + S (σˆ1C (n )))
2

(32)

and the von Neumann entropies of the conductor for the average signal state S (σˆ C (n )) ,
the “binary zero” signal state S (σˆ 0C (n )) , and the “one zero” signal state S (σˆ1C (n )) are
obtained as they are defined in § 1.2.2.1. The states for the average signal state are
constructed as

σˆ C (n ) =

1
(σˆ 0C (n ) + σˆ1C (n ))
2

(33)

with zero signal state

σˆ 0C (n ) = σˆ 0(1C) ⊗ σˆ 0(2C) ⊗ K ⊗ σˆ 0(nC)
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(34)

σˆ 0(ηC) =

1 ˆ (η ) (η ) ˆ (η )
ˆ
(n ) Π C σ 0 Π C .

q C |0

The projective weight of the zero signal ensemble in the measurement subspace is

[

ˆ C(η )
q C(η|0) = Tr σˆ 0(η ) Π

]

and the variables σ̂ 1C (n ) , σˆ 1(Cη ) are q (Cη|1) are defined similarly for the one signal state as
they are defined above for the zero signal state. The projective weight of the average
signal ensemble in the measurement subspace employed in Equation (31) is then
obtained as qC = 1 (qC|0 + qC|1 ). The projection operator associated with the subspace of
2
the Hilbert space corresponding to the conductor volume for the η th electron, with the
i C , is defined similar to the ones given
set of indices labeling atoms in the conductor {}
in § 1.2.1.2 as Π̂ C =

∑r

i∈{i }C

i

ri . As mentioned above, the bound assumes that the

logical states x 0 and x1 are encoded with equal frequency, qC|0 = qC|1. This condition is
satisfied to a good approximation in the calculations that follow [20].
In order to better comprehend the volume accessible information, one may
contemplate the concept as equivalent to the Shannon Mutual information defined in §
1.2.1.3 of random variables X and Y, with X corresponding to the information encoded
via the applied bias and Y corresponding to the optimum quantum measurement
performed on the conductor.

3.2 Results and Discussion

For our information studies, we have employed a system configuration
consisting of two 3-D identical symmetric electrode structures bridged by 3-atom-long
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conductor, which is also used in our electron transport studies presented in Figure 7. We
obtain the upper bound on accessible information I acc|M through the 3-atom conductor
by evaluating Equation (31). However, the tensor product in Equation (34) implies an
exponential increase in the dimensionality of the matrices we need to diagonalize (the
dimensionality of matrices increases as 3N with increasing number of particles N), and
because of computational restrictions, we need to make an approximation. We exactly
calculate the Holevo information χ C (n ) , for 1 ≤ n ≤ 7 and replacing it by the upper
bound, χ C (n ) = 1 , for n ≤ 8 ≤ N. We have obtained the volume accessible information
bounds at t = 1 fs, which is the midpoint of quasi-steady-state current duration, as seen
in Figure 7. We have neglected spin degeneracy in the information part of our studies
for simplicity.

Figure 16: Volume accessible information bound of a nanoscale conductor. Upper
bound on the accessible binary information encoded in a 3-atom gold wire
bridging 750-atom gold electrodes is calculated as a function of the “1-state”
encoding bias V B . Note that the accessible information remains extremely low (<103
bits) over this bias range, despite the substantial quasi-steady-state currents [20].
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Figure 16 displays the upper bound to the volume accessible information of the
model electrode-conductor-electrode system. The bound generally increases with the
applied bias V B , consistent with the expected increase in the local distinguishability of
the multi-electron states with bias, although it remains exceedingly low (<10-3 bits) over
the entire bias range. It is also important to note that the bound I acc|M obtained is higher
than the exact evaluation of Equation (31) as we have approximated the solution by
taking only seven out of N particles into account.
Mutual information of less than 10-3 bits in a binary symmetric measurement
corresponds to an error probability of 0.494. For comparison, the mutual information is
zero bits for an error probability of 0.5 (“all noise”) and one bit for an error probability
of 0 (“all signal”). This indicates that, even at considerable bias and steady-state current,
the electrode bias makes only a weak “imprint” on the local electron state in the
conductor volume [20]. Therefore, even in principle, the amount of information that
could be extracted from the conductor without paying a price in access time or signal
restoration is extremely low.
The generality of our conclusions is supported by calculations for different
electrode sizes and geometries within the given approach. The results of our information
calculations show that, along with minor structure-dependent variations, the order and
overall bias dependence of the volume accessible information bounds remains the same
for different configurations of the system.
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CHAPTER 4
CONCLUSION

Along with many benefits, shrinking device size brings many challenges to the
development of emerging electronic devices. In the pursuit of better understanding the
properties of nanoscale devices, researchers are enhancing the current theories. The
study of electron transport properties and the information capacity of the possible future
devices are of great importance in determining the best possible investments to the
emerging technologies. In this thesis, in order to obtain a better understanding of the
electron transport in nanoscale devices, we have studied the details of the
microcanonical approach presented by Di Ventra and co-workers as an alternative to the
conventional Landauer’s transport model. We have extended the scope of existing
studies on the microcanonical approach and compared the two alternative models.
Furthermore, we have obtained the volume accessible information bounds for a specific
nanoconductor system by microcanonical approach and investigated the relation
between the current characteristics and information bounds.
Our studies on electron transport properties show that the microcanonical picture
has advantages over Landauer’s approach as it enables us to investigate the current
nature of a system without introducing any a priori assumptions by letting system freely
evolve from the initial bias configuration. Although this alternative approach seems to
be a candidate to help clarify the need for the assumptions of the standard static
approach, given the limited variety of system configurations employed in the up-to-date
implementations, it has only been proven to be successful for a few specific cases.
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The results obtained on the volume accessible information bounds of the system
of interest by microcanonical approach show that the amount of information that can be
extracted by a single measurement is extremely small as the readout measurement has a
high error probability. Therefore, with the given encoding scheme, the accessible
information as calculated by the tight-binding microcanonical approach is mostly noise.
Moreover, our initiatives in relating the electron transport properties and the volume
accessible information show that even though the value of the steady-state current is
considerably high, the amount of information that can be extracted from the conductor
by a single measurement remains very low.
The approaches discussed in this thesis employ key fundamental concepts of
quantum mechanics and physical information theory relevant to and significant for the
analysis and design of nanoscale devices for many years to come. In the knowledge of
that, the goal of our current studies is to further examine the electron transport
characteristics of the asymmetric system configurations by the microcanonical model.
We have seen that the change in the symmetry of the system affects the quasi-steadystate current nature and local occupation functions differently and that these properties
need to be examined separately in detail to have a complete picture of the characteristics
of the model. We are also working on a static-scattering formulation for the finite and
isolated system employed in this thesis to establish a robust map between this
alternative picture and the conventional Landauer’s approach. We believe that this will
help us to further investigate the features of the microcanonical picture and acquire a
fundamental understanding of electron transport in mesoscopic scale. Regarding the
integration of the volume accessible information studies we will revisit the formalism
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presented in this thesis and, instead of employing the assumptions imposed by the
microcanonical approach for the distinguishable particle statistics, we intend to fully
account for the particle indistinguishablity to obtain results that are more realistic.
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